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DEMONSTRATION OF A FUNDAMENTAL THEOREM OBTAINED 
BY MR. SYLVESTER. 

BY B. LIPSCHITZ, Professor Ordinarius in the University qf Bonn. 

IN a memoir published in the 85th voluine of Mr. Borchart's Journal, 
Mr. Sylvester has developed the thought of a new notation for algebraical 
forms or quantics. Being given any algebraical homogeneous function of 
the n variables x1, x2, . . . Xw whose degree is denoted by p, let the powers 
and products of powers of the said degree xf, x-x . . xP be expressed by 
X1, X2, . . . X,, and the corresponiding polynomial coefficients by 7G,, 7t2,... 7tv, 

then the proposed form may be expressed by applying as numerical factors 
to the constants fi, fj, .. . f, the square roots of the respective polynomial 
coefficients, so that 
(1) F (x,, x,. . .x) = V7f1tXI +Vf2X2 +. .? * V+ vf,vXi, 

and is called in that shape a prepared form. Now suppose that on intro- 
ducing instead of the n variables XI x2, . . . xn, the n linear functions of n 
new variables y,, Y2, .. yn, such that 

(2) xa = ka,lyl + ka,2Y2 + * - - ? ka, nyn, 

where the letter a runs through the numbers 1, 2, .. . n, the form F (xl, x2,. 
is changed into the form G (yr, Y2, ... yn), written likewise as a prepared form, 
so that 

(3) Gt (yI, y2, **Y.) = 8/7l Y, Y, +/7t 2 q2 Y2 +*** + V7tv v Y,, Yv 

It is always understood that in substituting for the letter x the letters y, z, t, v, 
the functions Xa are respectively turned into the functions Ya, Z,, Ta UJa 

the letter a goinlg through the numbers 1, 2, .. . v. As the constant elements 
g1, g2,... g, depend in a linear manner upon the elements fi.f,, we 

get by partial differentiation the v equations 

(4) g=-f e; + 
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whence Mr. Svlvester derives the expression, that the substitution operated 
on the variables 
(5) k1 1, k1 2,2 k, n 

* . * S * 

kn, 1kn ,2 * knn7 

induces the substitution operated on the elements 

(6) zg1 zg' 
zfl ' s2 ' Vt - f 

.t2/ 

Let the determinant of the applied substitution (which must not vanish), 

be denoted by K, the corresponding minors NK by Ka, b; then the substitution 

KA, 1 K1, 2 Ki1, n 

K K ' K 

Kin I Kn) 2 Kn, n 

K ' K ' K' 
is said to be contrary to the original substitution (5). These things estab- 
lished, Mr. Sylvester gives a general theorem couched in the following terms: 

In a prepared.form two contrary substitutions operated on the variables indluce 
tvo contr-ary substitutions operated on the elemnents. 

Mr. Sylvester having proved this remarkable truth by ascending from 
binary forms to ternary, from these to quaternary and so on, the present 
paper will contain a demonstration that embraces the whole theorem in one, 
grasp. 

In order to make use of the substitution (7), let the n variables x,, x2, .. . 

be made equal to the following linear functions of z new variables z,, z2, . 

K~a, Ka 2 K 
(8) Xa 1 z+ K Z2+, .,+ z7f,nZ. 

according to which the form F (xl, x2,. . ) will be changed into the like- 
wise prepared form 
(9) Hf (z1, Z2, X..**.n = #V7h1iZ1 + V7rX2V42 + ... . + V/7z,h^Zv 

85 
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that contains the constants h,, h2,*... h. Now we may observe that, on solving 
the system (8) with respect to the quantities z,, there arise the equations 
(10) zb =klj bx? + k2, bX2 + .+ kn, &Vn 

where the system of coefficients is got from (5) by interchanging the hori- 
zontal and vertical lines with each other, or by transposition. Consequently, 
the form iH (z, Z2, . . . Z) is transformed into the form F (X2, x2X . . X ,) by 
the substitution 

(11) ~~~~~~k1,11 k2't .. kn,I 

k1,n k2,n, n k n I 

which is the substitution (5) trainsposed; wherefore, if we form the equations 

(12) f1.= sf'h1+?4hk2+. . . 

fv = ShiVh + Sfh2 + ****+ Shf , 

it is evident that the coefficient a may be formed from the coefficient -a by 

changing the substitution (5) into (11), or by changing ka,b into k1, a Con- 
sidering the effect of the equations (8) upon the form F (x,, x2, . .. x,) we 
must say that the substitution (7) operated on the variables induces the sub- 
stitution operated on the elements 

(13) Sh1 ,h1 __ 

- A.~~~fl 6f2 t 

Therefore, it is to be shown, that the substitution (13) is contrary to the sub- 
stitution (6). But a general property of partial differential coefficients of n 
functions taken according to n independent variables teaclhes us that the sub- 
stitution contrary to (13) is represented with the aid of the partial differential 
coefficients of the n variables taken according to the n respective functions, as 
follows: 
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(14) 

fl' ' 

Of course our theorem only requires us to establish that the substitu- 
tions (6) and (14) accord with each other, or that for any combina-tion of the 
numbers ca, [3 the equation 

(15) 

is valid. Meanwhile, we have seen that the partial differential coefficient g i's 

enianged into faby chang'ing ICa, b into kCba Consequently, it will suffice to 

prove, thtat the partial differential coefficient ga trns into the partial differential 

coefficient ,-i le,b is changed into lb,a 

Supposing that the forms in question are expressed 'in the usual mianner, 
(16) FP(x, , X2.7 X)=7lII+72-22+- ',FX 
(17) G (yl,Y2.~yn) = i1Gl Y1+ 7f2G2 Y2 +...7tvGvJ.,, 
(18) H (z1, Z2, . .. . Zn) =1H1Z. + 7t2H2Z2 + .. . X7tHvZv, 

the constants fa, g,14 are connected with the constants Fa, Gn, 1, by the 

purely numerical relations, 
(19) = gY = =g1l 
so that, instead of (15), we have the equation 

(20) ITa - 7E sG' 

In order to prove the former, we are going to prove the latter. Taking notice of 

the fact that the partial differential coefficient 6F a turns into the by changing 

ke,bSp into sin, a. the meaning of (20) may be expressed in the words, that the 

_product 7 2I is changed into the product 7 C by changing kea, , into 14,a 

As it is permitted to regard the quantities Y, as linear functions of the 
quantities K. and reciprocally, by differentiating the equation 

F (Xl .I X2 X.) = G (Y', Y2 . Yn) 
fIrst according to Pv a lftetrwardsr according to Yg we all find 
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(21) E 7 S y 7ta S-, = 
7 F- 

In like manner from the equation- F (XI )2 . . Xn) = H (z,X Z2 Z . . z,) result 
the equations 
(22) AS Xa-= AZI A3- 

Whence it is evident, that the equation (20) will be proved true if the equation 

(23) -a S =t 

is proved to hold good. 
This equation containing no trace of the respective forms, let us denote 

by t1, t2,.. . t, a set of n new independent variables, with which we form the 
expression 
(24) tlXI + t2X2 + + tnXn, 
which is to be elevated to the pth power. By the aid of the equation (2) and 
of the definition 
(25) Ub k=,l,btl + k2,bt2 + + kn,bt7n 

the expression. (24) assumes the following shape 
(26) UIYI + U2Y2 + + t6n 
Hence arise by means of the previously introduced notation the-expressions 
(27) (t1 xI + t2x2 + . . Xn)p = 7tl TI XI + 7%2 2X2 + * * * + 7tv Tv Xv X 

(28) (u6yl + U2Y2 + . + UnYn) = 7t Ul YI + 72 U2 Y2 + * * * + tv Uv Yv 
Considering that XA and Y, as well as T. and U, depend linearly on one 
another, we smay differentiate the equivalent expressions (27) and (28), first 
according to T., afterwards to Y_, and get 

(29) 7taX qi u 
Yp3 7Z,sa X'M = 7zp up3 

But as by virtue of (25) and (10) the variables u,, depend upon the variables 
ta in the same way as the variables Zb depend upon the variables x"a, we con- 
elude that the quantities U. must be the same linear functions of the tuan. 
tities Ta as the quantities Z. are of the quantities Xa, and that consequently 

the partial differential coefficients and ' ZX denote the same thing. Hence 
r Ta 

it follows that the second equation in (29) produces the equation (23) as was 
to be proved, and thus thle demonstration of the proposed theorena is accom- 
plished. 
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